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Introduction

https://www.amazon.com/Signs-Life-Complexity-Pervades-Biology/dp/0465019285
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Introduction

Rational explanations of markets?
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Introduction

Economic Theory:
Debreu’s theory as an exemplar

Bifurcation Theory: 
Thom’s theory as an exemplar

Modern Synthesis:
Brock and Durlauf’s Agent Based Models

Discontinuous change in economic systems
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Outline

1. Catastrophe Theory

2. Catastrophe Theory in Economics: Debreu and ‘critical economies’

3. Game Theory and the Quantal Response Equilibrium

4. A Modern Approach
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1. Catastrophe Theory

Ian Stewart’s 1976 general discussion of Catastrophes (Euler’s Arch)
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Stochastic Catastrophe Theory
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1. Catastrophe Theory

Stochastic Catastrophe Theory

Quoted from:  1.
2.  

1

2
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1. Catastrophe Theory

Stochastic Catastrophe Theory: Evolutionary Game Theory

Quoted from: Nihat Ay et al Information Geometry (2017, pg. 331)

Replicator equation:
pi = probability of state i



The University of Sydney Page 15

1. Catastrophe Theory

Stochastic Catastrophe Theory: Evolutionary Game Theory

Quoted from: Nihat Ay et al Information Geometry (2017, pg. 331)



The University of Sydney Page 17

2. Catastrophe Theory in Economics
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2. Catastrophe Theory in Economics

Debreu and Singularity Theory: Nobel prize (1983)
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2. Catastrophe Theory in Economics

Debreu and Singularity Theory: Econometrica article (1970)

Debreu stated: “A mathematical model which attempts to explain economic 
equilibrium must have a nonempty set of solutions ...” eventually concluding: 
“Our main result asserts that, under assumptions we will shortly make explicit ... 
every economy has a finite set of equilibria.”

Debreu knew of Thom’s work, but argued that so called ‘critical economies’ 
occurred negligibly often, i.e. the subset of all economic states that are exactly 
critical has measure zero.

While this is true, it misses the point of an economy transitioning through a 
critical state.
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2. Catastrophe Theory in Economics

Debreu and Singularity Theory: Nobel prize (1983)

“The explanation of equilibrium given by a model of the economy would be 
complete if the equilibrium were unique, and the search for satisfactory 
conditions guaranteeing uniqueness has been actively pursued … However, the 
strength of the conditions that were proposed made it clear by the late sixties 
that global uniqueness was too demanding a requirement and that one would 
have to be satisfied with local uniqueness. Actually, that property of an economy 
could not be guaranteed even under strong assumptions about the 
characteristics of the economic agents. But one can prove, as I did in 1970, that, 
under suitable conditions, in the set of all economies, the set of economies 
that do not have a set of locally unique equilibria is negligible.”
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2. Catastrophe Theory in Economics

Debreu and Singularity Theory: Nobel prize (1983)

For which equilibrium means the 
“excess demand” is zero: F(p,e) = 0

The ith consumer is characterized by his demand 
function fi … [T]he economy is described by the list 
e = (e1, ..., em) of the m endowment-vectors
… [and] the price vector p

The endowment of an agent is the set of all goods she inherits: for example, her ability to 
labor, the apples on the trees in her backyard and so on. 
J.D.Farmer: The Virtues and Vices of Equilibrium and the Future of Financial Economics (2008)
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2. Catastrophe Theory in Economics

Debreu and Singularity Theory: Nobel prize (1983)

“Now let T be the projection from M into Pm and define a critical economy e as an 
economy such that it is the projection of a point (e,p) of M where the 
Jacobian of T is singular, geometrically where the tangent linear manifold of 
dimension l x m does not project onto Pm. By Sard’s theorem the set of critical 
economies is closed and of Lebesgue measure zero. A regular economy, 
outside the negligible critical set, not only has a discrete set of equilibria; it also has 
a neighborhood in which the set of equilibria varies continuously as a function of the 
parameters defining the economy.”
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2. Catastrophe Theory in Economics

Financial Markets: Zeeman (1974 and 1976)

To build up the qualitative picture of the flow, 
we shall take as hypotheses a number of 
observed qualitative features of 
stock exchanges and currencies, 
and translate each feature 
into mathematics. 
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2. Catastrophe Theory in Economics

Financial Markets: Zeeman (1974 and 1976)

Two types of ‘agents’:
Fundamentalists
Chartists

Proportion of market that
are chartists: C

Fundamentalist excess 
demand: F

Market index: J

J3 – (C – C0)J – F = 0
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2. Catastrophe Theory in Economics

Financial Markets: Zeeman (1974 and 1976)
Hypothesis 3. If C is large this introduces an instability 
into the market. What does ‘instability’ mean 
mathematically? …we are postulating in 
Hypothesis 3 that it is dynamically unstable for 
the index to remain constant. Any 
slight perturbation of the index up or 
down (by external forces) will at 
once be amplified by the chartists.
…
The critical consequence of 
Hypothesis 3 is that for large C
and small F the function J(C, F) is 
2-valued, and so the attractor 
surface S is 2-sheeted. 
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2. Catastrophe Theory in Economics
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2. Catastrophe Theory in Economics
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The order parameter                  is given by 
the values of the maxima of       of . 

2. Catastrophe Theory in Economics

Financial Markets: Plerou et al.

Plerou, Gopikrishnan, Stanley: “Two-phase behaviour of financial markets”, Nature (2003)

QB = buyer initiated transactions
QS = seller initiated transactions
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2. Catastrophe Theory in Economics

Financial Markets: Data for the S&P500 (log-linear)

Oct. 19th 1987 Market crash “Black Monday”

Tech-Bubble and subsequent collapse

Sept. 11th 2001

The Global 
Financial 
Crisis
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2. Catastrophe Theory in Economics

Financial Markets: Data for the S&P500 (log-linear)

Market crash

Low market volatility

Market recovery?

Highly non-linear region
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2. Catastrophe Theory in Economics

Housing Markets: US Housing Market Collapse

M.Harre: Agent Based Models of Market Price Dynamics, 
in preparation
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2. Catastrophe Theory in Economics

Housing Markets: US Housing Market Collapse
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2. Catastrophe Theory in Economics

Housing Markets: US Housing Market Collapse
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3. The Quantal Response Equilibrium
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3. The Quantal Response Equilibrium
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3. The Quantal Response Equilibrium

Dasgupta and Maskin: Debreu’s social equilibrium existence theorem PNAS (2015)
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Dasgupta and Maskin: Debreu’s social equilibrium existence theorem  PNAS (2015)
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3. The Quantal Response Equilibrium

Dasgupta and Maskin: Debreu’s social equilibrium existence theorem  PNAS (2015)
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3. The Quantal Response Equilibrium

Nash Equilibrium:

*

*

Nash Equilibrium in p and q: not unique

pi in [0,1] and qj in [0,1]
p1 + p2 = 1, q1 + q2 = 1
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3. The Quantal Response Equilibrium

Quantal Response Equilibrium:

D. Wolpert M. Harre (2013)



The University of Sydney Page 41

3. The Quantal Response Equilibrium

Quantal Response Equilibrium:

* *

*

D. Wolpert M. Harre (2013)
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3. The Quantal Response Equilibrium

Qr in [-1,1] 
and 
Qc in [-1,1]
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3. The Quantal Response Equilibrium
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1
1−f1g1

3. The Quantal Response Equilibrium

f2 f1 g2
g1 f2 g2
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3. The Quantal Response Equilibrium

Qr

r

r

cc

Equilibrium surface Bifurcation set of ‘critical economies’

Curves are values of   i for which: 1 = f1g1
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3. The Quantal Response Equilibrium

The bifurcation set in
Qr x Qc partitions 
the possible states of 
a market/economy.
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3. The Quantal Response Equilibrium
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3. The Quantal Response Equilibrium

Variations in βrow results in an induced bifurcation in Qcol
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4. A Modern Treatment 

Brock and Durlauf
Heterogeneous Agent Models in Economics and Finance (2006)

σi

σ2

σ3

σ4
σ5

σ1

Vi

Modelling for “neighborhood effects” in 
economic markets 
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4. A Modern Treatment 

Brock and Durlauf
Heterogeneous Agent Models in Economics and Finance (2006)

"endogenous effects, wherein the propensity of an individual to behave in some way varies
with the behaviour of the group … exogenous (contextual) effects, wherein the propensity of
an individual to behave in some way varies with the exogenous characteristics of a group
… correlated effects, wherein individuals in the same group tend to behave similarly because they
have similar individual characteristics or face similar institutional environments” 
Manski (1993, pg. 532)
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Brock and Durlauf
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Questions
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