Solutions to Exercises Set 1

1. 1
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2. 1
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3. 1

ii

When a = 10, n = f(10) = 60(10) — 900 = —300. This represents a negative
number of words for a 10 month old baby so the formula does not make sense for
a = 10.

You would not expect an adult to learn new words at the same rate as that of a
very young child.

You can calculate the rate at which the size of the child’s vocabulary is changing
by looking at the graph drawn on page 4. If you take two points on the graph
say when x = 30 and x = 40, the corresponding values for f(x) are 900 and 1500
respectively. We can determine the rate the child’s vocabulary is changing by
calculating,

_ change in f(z) 1500 —900 600

t it
rane change in z 40 — 30 10

= 60 words per month.

When t = 3,
d=f(3) =4.9(3)* = 44.1.

Therefore the object falls 44.1 metres in the first three seconds.

When t = 6,
d = f(6) = 4.9(6)* = 176.4.

The object falls 176.4 metres in the first six seconds.
Therefore the object falls 176.4 —44.1 = 132.3 metres in the second three seconds.

The speed of the falling object is increasing, as it falls 44.1 metres in the first
three seconds compared with 132.3 metres in the next three seconds.

We can calculate the average speed of the object as:

distance fallen

average speed =
8¢ 5b time taken

Therfore the average speed of the object over the first 3 seconds is 447'1 = 14.7

m/sec while the average speed is 222 = 44.1 m/sec over the next 3 seconds.

If f(z) = 5(z - 3),
F(—6) =5((—6) — 3) = 5(—6 — 3) = 5(—9) = —45.

(Substitute —6 everywhere there is an z.)

fla) =5((a) = 3) = 5(a = 3).



iii If f(z) =42 —2, f(x) =7 when

4o — 2
4x

Al ©©
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Solutions to Exercises Set 2

1. 1
2. 1

il
3. 1

C.
dJr—2y+6 = 0
3r+6 = 2y
3z +6
Y7
3
f.

y+1 = 32x—-1)
y = 32x—-1)—1
= 6r—3-1
6x — 4.

a. The general equation of the line is y = max + b where m is the gradient of the
line. Therefore the equation must be of the form y = 2x + b.
Since the line passes through the point (4,1), when x = 4, y = 1 so we have
1 =2(4) + b, and hence b = —7.
The equation of the line has the form y = 2z — 7.

b. The equation of the line has the form y = %x +b.
When x = 1, y = —3 so we have —3 = %(1) + b, and hence b = —%.
The equation of the line is y = %:c — 13—0 or 3y = x — 10.

c. The equation of the line must have the form y = —3x + b.
When 2 =2, y =1 so we have 1 = —3(2) + b, and hence b = 7.
The equation of the line is y = =3z 4 7.

d. The equation of the line has the form y = -1z 4+ b= —z + .
When x = p, y = ¢so ¢g= —(p) + b, and hence b = p + q.
The equation of the lineis y = —x +p+q.

The answers are given in the notes. We've worked out the first one for you.

a. When x =0, y = 2(0) — 7= —7 so the y-intercept is —7.
Wheny=0,0=22r—T7Tiex = % so the x-intercept is %

The gradient of the line given by

change in y

change in x’
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1

111

—2-1 _ -3 _
1-(-2) — 3 -1

Notice the use of the bracket in the denominator 1 — (—2), which helps us get
the sign correct.

b. m =

. 1-2 _ -1 _ _1
C. Mm=3"" i - 1
_ =2—(=2) _
d m=—7F7"=0
_ 20 _ -2 _ 2
€. m= 733 3~ 3

In each of the following examples we use the gradient m we found in the previous
exercise in the equation y = max + b and use one of the given points to find b by

substitution.

3

a. m:2

so the equation of the line is y = %a: + b.
We can use either the point (2,3) or the point (4,6) to find b.
When z =2, y = 3 so 3 = 3(2) + b. Therefore b = 0.

So the equation of the line is y = %x or 3z — 2y = 0.

b. The equation of the line is y = —x + b.

Whenz =-2,y=1s01=—(-2)+bieb=—1.
(Note the use of the bracket when we substituted)

The equation of the lineisy=—x—1lorz+y+1=0.
c. The equation of the line is y = —ix + b.

When z = -1, y=2s02=—3(-1)+b,ieb=1.

The equation of the line is y = —ix + Z orx—+4y—T7=0.
d. The equation of the line is y = Ox + b.

When z =4, y = -2 so -2 =0.

The equation of the line is y = —2 or y + 2 = 0.
e. The equation of the line is y = %x + 0.

When z =3,y =0s00=2(3)+b,ie b= —2.

The equation of the line is y = %x —2or2x—3y—6=0.

The answers to these questions are given in the notes. We've worked out the first
two here to show you how.

a. z-intercept:
When y = 0, 3z — 2y = 0 becomes 3z = 0 so the z-intercept is 0.

y-intercept:
When x = 0, 3z — 2y = 0 becomes —2y = 0 so the y-intercept is 0.
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b. z-intercept:
When y =0, x4+y+1 = 0 becomes +0+1 = 0ie x = —1. So the z-intercept
is —1.

y-intercept:

When 2 =0, y+ 1 =0so0 y = —1, The y-intercept is —1.
4. The line through (4, 7) parallel to y = 3z + 7 must have the same gradient ie m = 3.
Therefore the line has equation y = 3z + b.
When z =4,y ="7s07=23(4) + b, ie b= —5.
The equation of the lineis y =3z —5or 3z —y — 5= 0.

5. First of all we need to find the equation of the line.

_ . . — 95 _ 4
The gradient of the line through the points (2,5) and (5,9) is given by m = =5 = 3.

N[Ot

The equation of the line is y
soBb:15—8:7ieb:§.

= Z2-+b. Substituting = 2 and y = 5 gives 5 = 3(2)+b
The equation of the line is y = %x + % or 4 — 3y +7=0.
The line we’ve found intersects the vertical line z = 7 when

35
47)—3y+7=0 ie y=5-

Therefore the line through (2,5) and (5,9) intersects the vertical line z = 7 at (7, 32).
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1.

2.

The answers are given in the notes.

i

ii

iii

iv

a (z+3)(z+3)=w(x+3)+3@x+3)=2*+3r+3x+9=2?+62+09.
c. (x+5)(x+5)=2a?+5r+ 5z + 25 =2+ 10z + 25.

f. (r+a)(z+a)=2>+azx+azx+a® =2+ 2az + a*.
This one gives us the general pattern.

(z+a)?* = (z + a)(z + a) = 2% + 2azx + a’.
The 2ax is sometimes called the cross term.
a. (zr=3)(x—3)=z(z—-3)—3x—-3)=2>-3r—-3x+9=2>—6x+09,
d. (x—4)*=(r—4)(x —4) =2? — 4o — 4z + 16 = 2* — 8z + 16.

f. (x—a)?=(r—a)(r—a)=2°—azx—ar+a® = 2> — 2ax + a°.
This one gives us the general pattern.

a. (z+3)(z—3)=z(x—3)+3(rx—-3)=2?—-3r+3z—-9=2?-0.
d. (z—a)(x+a)=z(x+a)—alz+a) =2°+ar — ax — a® = 2% — a*.
This one gives us the pattern. It is often written as

2> —a* = (z +a)(z — a)

and is referred to as the difference of two squares.

a. (z+3)(z+2)=w(x+2)+3(x+2)=2*+20+3x+6=2>+52+6
b. (z+3)(z—2)=x(x—2)+3x—-2)=2>—-22+3x—6=2>+2—6.
c. (@=3)(z+2)=ax(x+2)-3@+2)=2"4+22-3r—6=1>—12—6.
d. (z-3)(z—-2)=z(z—-2)-3x—-2)=2*-22—-3x+6=2>—52+6

The pattern exhibited by these examples can be summed up as follows:

a. and d.

If the signs in the brackets are the same then the constant is positive as the
constant is the product of the constants in the brackets. Also, the coefficient of
the cross term is sum of the constants in the brackets and has the same sign as

them.

b. and c.

If the signs in the brackets are different then the constant is negative as the
constant is the product of the constants in the brackets. Also, the coefficient of
the cross term is the difference of the constants in the brackets and care must be

taken to assign the correct sign to each one.

1



v These are very similar to the previous examples.

In the previous exercises we needed to take into account the coefficient of 22 when
we worked out the cross term.

We now need to use the patterns we spotted in the previous exercise to factorise the
following exercises. We will some of each type.

a. 22 +4x+3

The +3 tells us that the signs in the brackets are the same, while the +4x tells us
that the sign must be +.

This gives us (z + -)(x + -).

The product of the constants in the brackets equals 3, while their sum equals 4.
Therefore 3 and 1 will do.

We get

2> +4r+3 = (z+3)(x+1), which we check by expanding again.

d. 22+ 7z + 12

+12 tells us that the signs are the same and +7x tells us that they are 4. The
constants in the brackets must multiply to 12 and add to 7, so must be 6 and 1.

22+ T+ 12 = (v +6)(x + 1).

f. 22— 3z —10

The —10 tell us that the signs in the brackets are different so we are looking for factors
of —10 with a difference of —3. They must be —5 and 2.

2 =32z —10 = (r — 5)(z +2) again check by expanding.
(Notice if we chose 5 and —2 we would get 22 + 3z — 10.)

jo 2?2 —x —12

—12 tells us that the signs in the brackets are different and we are looking for factors
of —12 with a difference of —1. Take —4 and 3.

* —x—12= (v —4)(z + 3).

2



k. 22 — 11z + 10

+10 tells us that the signs in the brackets are the same and —11z tells us the signs
are —. We are looking for factors of 10 whose sum is 11, so take 10 and 1.

2 — 11z 4+ 10 = (v — 10)(z — 1).

m. 22 — 16z + 15

+15 tells us that the signs in the brackets are the same and —16x tells us that they
are —. We are looking for factors of 15 whose sum is 16. Take 15 and 1.

2% — 16z + 15 = (z — 15)(z — 1).

s. x2+bx — 14

We are looking for factors of —14 whose difference is 5, so take 7 and —2.
2+ 5z — 14 = (x+7)(z - 2).

v. m*+6m+9

We are looking for factors of 9 with a sum of 6. Take 3 and 3.

m? +6m +9 = (m+ 3)(m+ 3) = (m + 3).

w. 222 +7x+3
We know that the signs in the brackets are the same and must be +.
So we have (2z + -)(x + -) as the only factors of 2 are 2 and 1.

We are looking for factors of 3 so try 3 and 1. Now try them in the bracket to see if
we can get it to work.

(22 +3)(z + 1) = 22> + 5z + 3  which is not what we want.
If we swop them over we get

(2 +1)(z +3) =2° +7r +3 which is what we were after.

There is an element of trial and error in doing these exercises!

2?2 —Tr+12 =
(x—6)(x—1) = 0

Therefore xt —6 =0or x —1=0. That is, z =6 or z = 1.

3



P +3r = 0
z(r+3) = 0

So,x=0o0orx+3=0. Thatis, x =0 or x = —3.
d.

4o —4dx = 0
dx(x—1) = 0

So,zr=0o0rx=1.

e.
?—4x -5 = 0
(x=5)(z+1) = 0
So,zr=5o0rx=—1.
h.
S50 —a2% = 0
z(b—z) = 0
So,t=0o0r5—x=0,iex=>5.
k.
2 —81 = 0
(x+9)(z—9) = 0
So, x = =9 or x = +9. This is the difference of two squares.
m.
-1 = 0

So, x = —1or x = +1.



922 - 16 = 0
(37)* — 16
(Bx+4)3r—4) = 0

(SIS
ol

So, x =—3orx=

> —2r+1 = 0
(x—1)(@—1) =

So, x = 1. Notice both brackets give the same answer.

r.
2’ —14r +49 =
(x—=T)(z-T7) = 0
So, x=T.
S.
10+3z—2> = 0
*—3z—-10 = 0
(x=5)(z+2) = 0
So, z = 5 or z = —2. Notice we started by rearranging the equation to make the z?

term positive.

u.
20 =Tz +5 = 0
(2x —=5)(z—1) =
So,x:goraczl.
V.
62> — 252 — 9 =
(2 —9)3z+1) = 0
So, x = % or r = —%. It may take you several goes to get this one out as there is

more than one way to factorise both 6 and 9.

bt



For these next exercises we will use the quadratic formula:

_ —b= Vb?% — 4dac

2a

xz

a. 2>—-3x—-5=0

—(=3) £ ,/(=3)2 — 4(1)(-5)
2(1)
3++v/9+ 20

2
3 ++29

That is x = :HT V29 or g = 3=v29

c. 2 4+6x+2=0

—6+ /62 — 4(1)(2)

2(1)
—6++/36—38

2
—6 £ V28
2

_ _—Gi;W VI8 = VIXT — 2T

= 347

Thatis,x:—3+\/70r:v:—3—\/7.

e. 3’ —xr—-3=0

—(=1) £ /(-1)2 — 4(3)(-3)
2(3)

€T =
 1+/T+36
B 6
1V
B 6
That is, z = Y37 op g = 1=V3T

6 6



f.224+524+7=0

—5+ /52 — 4(1)(7)

2(1)
—5+/25 - 28

2
-5+t v-3
2

But here we have the v/—3 which is not a real number, so there are no real solutions
to this quadratic.

We approach these type of questions by drawing a picture and defining the variable
we need.

Existing Fence

Let x be the length of the side parallel to the existing fence and let y be the other
side.

We have 300m of fencing material so = + 2y = 300. (1)
We want to fence an area of 10000m?, so zy = 10000. (2)
Now we need to eliminate either x or y to solve this equation.

Rearranging equation (1) we get x = 300 — 2y.

Sustituting in equation (2) we get (300 — 2y)(y) = 10000, ie 300y — 2y* = 10000.

This gives us the quadratic 2y? — 300y + 10000 = 0 which we can solve using the
quadratic formula.

300 + \/3002 — 4(2)(10000)
v 2(2)
300 + \/90000 — 80000

4
300 = 100

4




SO, Yy = 3001100 — 100, ory = 300;100 = 50.
If y = 100, x = 300 — 2(100) = 100. If y = 50, z = 300 — 2(50) = 200.
So the dimensions of the rectangle are either 100m by 100m or 200m by 50m.

8. The rock will reach the ground when s = 150, so 150 = 5t44.9¢t% or 4.9t2+5t — 150 = 0.

—5 4 /52 — 4(4.9)(—150)
2(4.9)

—5 £ V25 + 2940

9.8
—5 £ 54.45

9.8

So, t = 5.05 or t = —6.07 (which is not possible given the physical situation).

Therefore the rock will take Hsec to reach the ground.
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1. i To verify that the given points lie on the parabola y = x? substitute in the value
of = as follows:
For A = (1,1) when x = 1, y = (1) = 1 as required so A = (1,1) lies on the
parabola.
Similarly, for C" = (0.9,0.9801), when z = 0.99, y = (0.99) = 0.9801 as required
so C" =(0.99,0.9801) lies on the parabola.

ii  The slopes of the chords are calculated using,

change in y
m=——-——.
change in z

So, for the chord AB is m = % = % =2.1.

_ 081-1 _ —019 _
For the chord AB', m = 55— = =57 = 1.9.

For the chord AC, m = £20=1 = 201.

For the chord AC’, m = %2801=1 _ 1 99,

0.99—-1

iii It looks as if the slope of the parabola at A is going to be 2.

2. i The answers are given in the notes.
ii b. f(z)=2*+=x

Since a = 1 > 0, the parabola is upright, and the function has a minimum value.
The minimum values occurs when

f(z)=2x+1=0.

That is, when z = —3 and hence f(z) = (—3)? — 3 = —3 is the minimum value.
g. f(z) =4z —2?
Since a = —1 < 0, the parabola is upside down and the function has a maximum

when f'(x) = 0.
f'(xr) =4 —2x =0 when x = 2.

Hence the maximum value of f(x) is f(x) = 4(2) — (2)? = 4.
3. c. f(z)=42*—Tex + 6 so f'(x) = 8¢ — 7. Therefore f'(0) =8(0) —7 = —T.

4, ii.y=2>—-52+6

This parabola is upright and hence has a minimum when

dy
= =925 —5=0.
dx v



5.

That is, when z =

Nt

When o = 3,y = (5)* = 5(3) + 6 = —.
It cuts the y axis when x = 0 ie at y = 6.

It cuts the z axis when y = 0 ie when 22 — 5z + 6 = 0.

2’ —br+6 =
(x—=3)(z—2) = 0.

That is, when = 2 or z = 3.
\y
6.00}

4.00t

2.007

1.00 2.00 3.00 4.00 5.00

iii. To find the gradient of the curve at the given point we need to evaluate the
derivative at that point.

f'(x) =2x — 3. When z = 0, f'(z) = —3 so the gradient of the curve at the point
(0,1) is —3.

The equation of the tangent to the curve at the point (0, 1) is therefore y = —3x + b.
When 2 =0,y=1s01=—-3(0) +bieb=1.

The equation of the tangent to the curve at (0,1)isy=—-3z+1or3z+y—1=0.

7.

River




Let x be the length of the side parallel to the river and let y be the length of the
other side.

We have 300m of fencing material so x + 2y = 300.
The area of the field A is A = zy. Substituting x = 300 — 2y we get,
A = (300 — 2y)y = 300y — 2y°.
This is a quadratic with @ < 0 so A(y) has a maximum when A’(y) = 0.
Differentiating with respect to y, A’(y) = 300 — 4y.
When A'(y) =0, 300 — 4y = 0, so y = 75.
When y = 75, = 300 — 150 = 150.

So the area of the field is maximised when the dimensions of the field are 150m by
75m.
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i Let P be the point (z,2%) and Q be the point (z + h, (z + h)3) on the curve y = 3.
Let R be the point (z + h,x3).

Q (x+h, (x+h)3)

\
|
C(x+h)P—x3
\
\
\
\

P(X ) o - R

X x+h

The gradient of the chord P(Q) is given by

QR
PR
(x+h)® —2?
r+h—x
23 + 32%h + 3zh? + b3 — 23
h
3x%h + 3zh?® + 3
h
= 32°+ 3zh + A%

gradient of PQ) =

ii As h — 0, 3zh + h? — 0 so the gradient of PQ — 322

iii
d 3 _ : _ a2
o (x°) = }lllir(l) gradient of PQ) = 3x~.

3. b f'(z) =122% + 42 — 1 s0 f'(0) = —1.



5. Before we differentiate to find any stationary points we will determine where the graph
crosses the axes.

When z =0, y = 03(0 — 2) = 0 so the graph cuts the y-axis at 0.
When y =0, 0 = 23(x — 2) so x = 0 or z = 2. The graph cuts the z-axis at 0 and 2.
Now y = 23(z — 2) = 2* — 223, s0 ¢/ = 42% — 622

Now, 4% — 62 = 22%(22—3) = 0 when = = 0 or z = 2 so there are two stationary points:
(0,0) and (2, —20).

27 16

It is useful to draw up a table as follows to determine the nature of the stationary points.

z <0 0 >0, <3 3 > 3
Yy —ve 0 —ve 0 +ve
y N\ 0 N\ —% /

The table tells us that the function is decreasing for x < 0 and decreasing in the interval
0<z< % Therefore the stationary point at (0, 0) is neither a maximum nor a minimum.
3

As the function is decreasing in the interval 0 < = < % and increasing for x > 5, the

stationary point at (3, —27) is a minimum.
To complete the picture we need the values of y for x = —1 and = = 3.

When z = -1,y = (=1)}(—=1—2) = (=1)(=3) = 3. When z =3, y = (3)3(3 — 2) = 27.

Putting all this information together we can now sketch the curve.

30.07

20.07

10.07

| R
-1.00 . 100——2.00 3.00




i Whenz=1y=(1)>+5(1) —8=—2.

ii y=2r+5sowhenz=1,9y=2(1)+5=T7.
So the value of the derivative at the point (1, —2) is 7.

iii The tangent to the curve at (1, —2) has gradient 7 and passes through (1, —2).
Let y=7z+b. Whenz =1,y =—-2s0 —-2="7(1) +bie b= —-9.

The equation of the tangent to the curve y = 2% + 5z — 7 at the point (1,—2) is
y=7r—9or 7z —y—9=0.

9. Let the perimeter of the rectangle be 2p where p is a constant. Let the sides of the
rectangle be of length = and y.

Then 2x 42y = 2p ie y = p—x. (Making the perimeter 2p instead of p makes the algebra
a bit easier.)

The area of the rectangle A is given by A = 2y = z(p — x) = pr — 2°.

To maximise the area we need to differentiate A with respect to = and set the derivative
equal to O.

That is, A’ = p — 2z = 0 (remember that p is a constant).

When A" =0, p— 2z = 0 ie v = L. We know we have a maximum when x = £ as the
coefficient of the 22 term in A = px — 22 is negative.

When r = £,y = p—% = £ so the rectangle with the maximum area for a given perimeter
is a square.
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2. i y=2%— 122+ 12
y' = 322 — 12. There are stationary points when gy’ = 0,
y =30 —12=3(z*-4)=3(x - 2)(x +2) =0 ie when x = +2.
So, (—2,28) and (2, —4) are stationary points.

We will investigate the nature of the stationary points by drawing up a table.

T < =2 -2 > =2, <2 2 > 2
Y +ve 0 —ve 0 +ve
Yy / 28 N\ —4 /

The table tells us that the function is increasing for x < —2 and decreasing for —2 < z < 2
so the point (—2,28) is a maximum. The function is decreasing for —2 < 2 < 2 and
increasing for x > 2, so the point (2, —4) is a minimum.

A point of inflection occurs when 3272 = ( and there is a change of concavity.
Py — 62 =0ica=0.
x <0 0 >0
Y’ —ve 0 +wve
Y concave down | +12 | concave up
From the table we see that when x = 0, % = 0 and there is a change of concavity from

concave down to concave up. Therefore, there is a point of inflection at (0, 12).

30.0T

1 1 1 —>
-4 /00 -2.00 2.00 4.00




vi y=(x—1)>

We must expand out the bracket in order to differentiate.

y=@-1P=@-D@*-2v+1)=0* -2+ -2 +22 -1 =2° 327+ 32 — 1.

Differentiating and setting the derivative equal to 0, we get

dy
dx

2 =3 -6r+3=30"-20+1)=3x—-1)* =0 ie

<1 1 > 1
+wve 0 +ve
/ 0 /!

Since the function is increasing for x < 1 and increasing for > 1, the point (1,0) is a

(horizontal) point of inflection.

Differentiating again to find the second derivative we get,

This is equal to 0 when & = 1 as before, so there are no other points of inflection.

d*y

(x —1).

i
10.07
-4.‘00 -2.‘00 2.‘00 4.‘00
10.01
vii oy =at — 222
y =42° —4dr =4x(2? —1) =0 when z =0 or z + 1.
x < —1 -1 >—1,<0 0 >0,<1 1 > 1
Y —ve 0 +ve 0 —ve 0 +ve
Y \ -1 / 0 N\ -1 /




As the function is decreasing for x < —1 and increasing for —1 < x < 0, the point
(—1,—1) is a minimum. As the function is increasing for —1 < x < 0 and decreasing for
0 < x < 1, the point (0,0) is a maximum. As the function is decreasing for 0 < z < 1
and increasing for x > 1, the point (1, —1) is a minimum.

Points of inflection occur when y” = 0 and the concavity changes.

y' =122% — 4 =4(32* — 1) = 0 ie when z = :I:LS.

1
_ L _ L I 1 1 1

r <~ NE ~ T S NE > 7

y" +ve 0 —ve 0 +ve

y concave up —g concave dOWH —8 concave llp

We see from the table that (—\%, —2) and (%, —2) are points of inflection.

2.00’t
1.007
2.00 | -1.00 1.00 2.00°
-1.007
3.
i The velocity at time t is given by
ds
— =24 — 9.8t.
dt

When t = 0, % = 24, so the initial velocity of the rock is 24 m/sec.

ds

& =20 when

ii The rock achieves its maximum height when the velocity is zero.
t = % = 2.45 sec.

The maximum height of the rock is s = 24(2.45) — 4.9(2.45)% = 29.4 metres.

iii When the rock hits the ground s = 0, so 24t — 4.9t> = (24 — 4.9t) = 0ie t = 0 or
t =25 =4.90.
19

The rock takes about 5 seconds to fall back to the ground.

3



5. The velocity is zero when % = 3t> — 8t — 3 = (3t + 1)(t — 3) = 0 ie when ¢t = 3. (We
can discard t = —% as it is negative.)

The acceleration of the body is given by

d?s
— = 06t — &.
dz?

When t = 3, £3 = 6(3) — 8 = 10.

b d{L‘2

So the acceleration of the body is 10 m/sec? when the velocity of the body is zero.



Solutions to Selected Exercises 7

1. iii
u-!
w?x — = w 2xu vt
v
= wu o %!
= v 3
2. iil
a b 2 3 2 2
b ldtbe =4 -=24+"="4+6=6=
I 3
3. 1iv
B (O - -
= — s=(>) = z —(Z) 2L
9 (%)2 4 4 2 8
4., i1
1, 1 _1 11 11 2 0 2
ms(mS +m 3>:m3m3 +m3m 3 =m3+m =m3+1
5. 1i - -
T T e IS
Vvt s
iv 3, 3 1
m—3 L
viii
1 1 1 1 5
= T = T = 5 = 2.
RV L € ) R et - B
6. vi
1 1 1 1 1
=14+2 =14+ 222 ! :2<_> = —
f(zx) + 2V + 2z so  f'(z) 5 T A
7. 1ii 5 J A
.2 _ 2 ) Yy -3 _
y==x +;—x + 2z SO %—2x+2(—2)x —Qx—ﬁ.



10.

v h(u) = 13u® — Suv/u = 13u® — 5uu? = 13u® — 5u?
so  h'(u) =26u— 12—5u% = 26u — 1—25\/6
vi
f(x) :%—i—i—fm P4t so fla)=-15r"t—2% = —g—é

iv

fl@)=z2+272 so fl(z)= %x_% — %x_% and f"(x) = —ix_% + %CE_
viii

Y= 5x3;2x% :5x2+2x_% SO Z—i =10z — 22 and % = 10+§x_ .

i Let h be the height of the tank. The volume (V') of the tank is V = z%h = 32.

2
So, h:3

x2

ii Let the area of the sheet metal be A. Then

32
A=4dxh+ 2% = 4w—2 + 22 = 12827 + 22
x

To maximise A, differentiate with respect to = and set the derivative equal to 0.

dA 128 —128 + 223
e I PO e QU e
dx 22 22
dA
SO =0 when 22°=128 ie x=4.

da

When z < 4, 44 < 0 (use z = 1 as a test point) and when z >4 44 > 0 (use =
as a test point) so we have a minimum when x = 4.

When 2 =4, A =18 +4%=32+16 = 48.

So the least area of sheet metal is 48 m?2.

=95



Solutions to Selected Exercises 8

4. ii
r 1 d 1
¢ ;x:§(€x+l’)80£:§(€x+1)

The derivative of € is €* and the derivative of x is 1.

y:

Also, note that we have used the rule that the derivative of a constant x a function is
equal to the constant x the derivative of the function. (See page 15 of the notes.)

5. P = A0

When ¢ = 0 (in 1970) P = 100, 000 so substituting we get 100000 = A0 = A" = A,
So, P = 100000e"%%.

In 1980 t = 10, so P = 10000010 = 100000(1.2214) = 122140.

Therefore, the population in 1980 will be 122,000 to the nearest thousand.

6. ii A= A06_0'00012t

When t = 6000, A = Aye(7000012)(6000) — 4 »=0-72 — () 49 4,.

There is about 0.5 of the initial amount remaining after 6000 years.

7. iii (2° +1)3

Let u = f(x) = 2° + 1 and g(u) = u?, then g(f(z)) = g(z® + 1) = (2° + 1)3.

1
3—et

iv

Let u= f(x) =3 —¢€” and g(u) = %, then g(f(z)) = g(3 — €*) =



Solutions to Selected Exercises 9

1. iiy=+v5—2x2
First rewrite the equation as y = (5 — xQ)%.

This is a composite function with v = f(z) =5 — 22 and g(u) = u2,

s0 g(f(z)) = (5 — a?)2.

So,
d 1
d—y = 56— x (<20).
xXr N——
Y
g (f(x))
4x
2. fiy=——
1Yy :L'Q T 1

This is quotient so we will use the quotient rule.

dy (22 + 1)L (4z) — (4o) L (2? + 1)
dx (22 +1)2
(22 +1)(4) — (42)(27)
(22 +1)2

42% 4 4 — 8a®

(22 + 1)2
4 — 422
(22 +1)%

3. by=22*?-5)
Using the product rule we get

d d d
Y 22? X — (22 =5)+(22=5) x — (22?) = 20> x 2w+ (2*—5) x4z = 42> +42°—20x = 82°—20z.
dx dz dx
1
hy=—
Y (2z + 3)°

First we will rewrite the equation as y = (22 + 3)~® and use the chain rule. So,

—10

dy _ 10
(2z + 3)8°

e —5(2z + 3)_6%(2$ +3) = =522 +3)7%2) = -10(2z + 3) % =



4.

ju=(*+1)(2* - 6)

Here we will use the product rule.

dy

d d
_ 2 1)— 2 6 2 6 (2 1
= @A) = 6) + (P~ ) (i 1)
— (a2 +1)(20) + (2 — 6)(22)
= 22° + 22 + 2% — 122 = 423 — 10z.
S x
v 2 +1
First we rewrite the equation as y = ﬁ and use the quotient rule to differen-
s+ 1)2
tiate. We’ll need the chain rule too.
dy (22 +1)2 x%(m)—xx%((ﬁ—i—l)%)

dx (ZE2+1)%)2

~— |8

(172+1)%><1—x><%(x2+1)_%><2m
2+ 1

2 1 o 22
(2" + 1)z (2+1)2

241

(224-1)—x2
(a2+41)2
2+ 1

b
(z2+1)%
i f(z)=e2
fl(r) =e 2 x di(—Zx) = 2 %,

vi f(z) = 2T

2 d 2 2
f/(SE) — em —2x+7 X %(12 - 2,’]7 + 7) — (21’ . 2)€:E —2x+7 — 2(3:, . 1)693 72$+7.

d
fl(x) = 2% x — (%) + " x %(aﬂ) = 2%e” + 2ze” = xe" (v + 2) = x(v + 2)e”.



The maximum concentration of the drug in the blood occurs when the derivative of

x = 0.3te" ' equals zero.

7' =03+ 0.3t(-1.1)e M = 0.3e7 (1 - 1.18) =0

Note that e !t > 0 for all values of t.

maximum when t = 90.

The following table confirms we have a

ie when

t <90 90 > 90
' +ve 0 —ve
0.3e~!
Yy / 1.1 N\
The maximum value of 0'?1’_617 " units is achieved when ¢ = 90 ie when ¢ = 54.5 minutes.
[‘X
+ 0.10
050

From my sketch, the drug will kill germs between about 0.25 hours and 2.15 hours
after it is taken. (This is when the graph of z = 0.3te™!* is above the line x = 0.06.)
So, the length of time the drug is able to kill germs is about 1.9 hours.

y=e"
The first thing to note about this function is that it is always positive. (e_”’;2 > 0 for

z2

all values of z.) So, the graph of y = e ™ is above the z-axis and never crosses it.

dy ) d 2 .2
A T s — _9 T
I X dm( x) e

This is equal to zero when z = 0. So, (0, 1) is the only stationary point.

x <0 0 >0
Y +ve 0 —ve
y / 1 \




The table tells us that (0, 1) is a maximum.

We differentiate again to see if there are any points of inflection.

ey

5 = ("20)e™ (<22) 7" (=2) = 27 (27 — 1),

This equals zero when 2% =

%,iewhemx:j:1

L.
1 1 1 1 1 1
9‘3 DY) Y C VW SV o\ v
" +ve 0 —ve 0 +ve
1 1
Y concave up e 2 concave down e 2 concave up

The table tells us that there are two points of inflection at (—%, e_%) and (%, e_%).

-2.00 -1.50  -1.00  -0.50 0.50 1.00 1.50 2.00

Note that the graph does not touch the z-axis but gets closer and closer to it as z
gets large in magnitude.



Solutions to Selected Exercises 10

3. ii y = sin(x) cos(x)

dy . d . ) . 2 . 9
—~Z =sinxz X —(cosz) +cosx X —(sinzx) = sinxz(—sinx) + cos x(cos x) = cos” ¢ —sin” z.
& 4 (cos 2) + cos 2 x - (sin.x) = sinx(— sin ) + cos a(cos)

When we differentiate again we can either use the chain rule or treat cos? z and sin® z as
products, ie cos? z = cos z cos .

Using the product rule we get,

*y cosx X —(cosz) + cosx X —(cosx) — | sinz X —(sinx) + sinx X d (sinx)
— = r X —(cosx x x —(cosz) — sinx x —(sinz) + sinx x —(sinz
dx? dx dx dx dx

cos x(—sinz) + cos x(—sin ) — sin z(cos z) — sin xz(cos )

= —4sinxcoszx.

VY =T COST

dy d .
d—:xxd—(cosx)—i—cosxxd—(x):—xsmx—i-cosx.
T T T
T~ () x L sing) o+ sing x (<) s
T3 = (%) x —(sinz) +sinz x () —sinz

= (—x)(cosz)+sinz(—1) —sinx

= —xcosx — 2sinz.

4. A sketch of the function y = sin 2z is given below. Notice that its amplitude is still 1
but its period is .

1.007

-I700+t




This is a sketch of the derivative of y = sin 2x. It is a cos function with amplitude 2, and
period m. How close did you get?

5. ii y = cos(z + 2?)

Here u = f(z) = x + 22 and g(u) = cosu, so

d d
% = —sin(z + 2?) x%(x + 2?%) = —(1 + 2z) sin(z + 2°).
g'(f(2))

iii y = sin(z?)

Here u = f(z) = 2? and g(u) = sinu, so

ﬁ = cos(z?) x@(ﬁ) = 21 cos(1?).
g'(f(x))
vi y = 2sin(z + )
Here u = f(x) =z + 7 and g(u) = 2sinu, so
d

d
ﬁ = 2cos(z + ) x%(:c +7) = 2cos(z + 7).
g'(f(x))

Remember that 7 is a constant so its derivative is zero.



6. iii y = sin(3z) cos(z?)

dy , d 5 5 d, .
el sin(3z) x %(cos(x )) + cos(z7) x %(sm(Bw))
= sin(3z)(— sin(z?) x (22)) + cos(z?)(3 cos(3z))

= —2xsin(3z)sin(z?) + 3 cos(3z) cos(z?).

3
VY= 1+ cosx

dy (14 cosz) x 4 (3z) — 3z x (1 + cosz)
dx (1 + cosx)?

3(1 + cosz) — 3z(—sinx)

(14 cosx)?
3(1+cosz + zsinz)
(14 cosx)?

sin x

COS ™

dy cosz X “L(sinz) —sinz x 4L (cosx)

dx (cos x)?
cosx(cosx) — sinx(—sin )

cos? x
cos?z + sin x .y
= ————— sin” x -+ cos
cos? x
1 1
= 5 =secx
cos? x cos x

= S602 Z.

2r=1

7. b f(z) = cos(z? — 2z + 1)

d
f'(x) = —sin(z® — 22+ 1) x %(xz — 224+ 1) = — (22 — 2)sin(z? — 2z + 1).

d f(z) = sin(z™1)

d . 1 _ -1 oy -
a(x )=cos(z7) X (—27°) = —=x

2

f'(x) = cos(z™h) x cos(z1).

e f(x) = 2% cos(z? + 4)

fl(x) = 2*x %(COS(ZE2 +4)) + cos(x? + 4) x %(ﬁ)
= z?(—sin(2® +4) x (2)) + cos(x® + 4) x (2z)

= —22%sin(2? + 4) + 2w cos(a? + 4).

3



h f(z) = sin(cos x)

d
f'(x) = cos(cos ) X %(cos x) = cos(cosx) X (—sinx) = — cos(cosz) - sin z.

8. ii Write cos(z — 7) = cos(z + (—n)) and use the identity on page 37 of the notes.
cos(z — m) = cos(x + (—7)) = cosx cos(—7) — sinx sin(—m) = — cos .
Note that cos(—m) = cosm = —1 and sin(—n) = —sin7 = 0.
iv Write cos(2m — ) = cos(2m + (—x)).
cos(2m — x) = cos 27 cos(—x) — sin 27 sin(—x) = cos(—x) = cos z.

Note that cos2m = 1, sin 2 = 0 and cos(—z) = cos .



Solution to Selected Exercises 11

3
63lnx — 6lnm — .7)3.

We used the log rule Ina® = blna and the fact that e® and In are inverses.

iv
2. 1

iv
3. iv
4. 1iil
5. ic

1

T

23
Inz? —Inz =1In (—) = In 22

2z + 1

3z + 4

! In(z) = In(z + 1)% —ln(x)% =In (M) =In ( v 1) :

)

In3+z) = 1
61n(3+$) — 61
3+ = e
r = e—3.

In(5z —6) = 2

PnGe—6)  _ 2
50 —6 = é?

50 = €46

e +6

r = P

" = 10

In(e*’) = In10
2> = Inl0

z = +vInlo0.

= In(z?) +In(vz + 1) — In(v/32 + 4)

= 21n$+ln(:1:—|—1)%—ln(3:1:+4)§
1 1
= 21nx+§ln(m+1)—§ln(3x+4).



d x2/xr + 1 d d /1 d /1
— | In[ —— = —(21 — =1 D) ——1(=1In(3 4>
dw<n< 33x+4>> dac( nx)_l—d:c <2 n(w + )> dz (3 n(3z +4)
1 1 1 1 1
— (92x = z _ (=

( Xx>+<2xsc—|—1) (3X3x—|—4><3)

2 1 1

r 2x+1) 3x+4

iii

d d 1 2
—(In(2?)) =2—(nz) =2 x - = =.
oo (n(@%)) =2-(lnz) =2 x — = —
v
—(cosz X Inz) =cosx X —+1Inz x (—sinx) = BT ina x Ina.
dz x x
v d d 1 1
o (VInz) = - ((Inz)2) = S(lnx)™2 x — o

Let P be the population of the city after ¢ years. Then P = Ae*.
When ¢ = 0 (in 1970) P =2 x 10° s0, 2 x 105 = Ae® = A ie P = 2 x 10%",

When ¢ = 10 P = 2.5 x 106,

25x 108 = 2 x 10%10%

2.5
29 L0k
2
10k = Inl1.25
In1.25
kL =
10
k = 0.0223.

Therefore, P = 2 x 10%%0%2¢,
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12l =] =5l[=2=5[=]-3]=3.

2. qiilf|242|=5then24+2x=50r2+2=—-5. So,x =3 or z = —T.

3. iiy=|r?+x—2

The easiest way to draw this graph is to sketch the graph of the function y = 22 +x—2
and reflect the part below the z-axis in the z-axis.

-3.00 -2.00 -1.00 .00 2.00

4. i

1-2
-1-1
Let y=—2+b Whenzx=1y=2s0,2=—1(1)+bieb=3.

The gradient of the line is m = —1.

The equation of the lineis y = —r+3orx+y—3=0.

5. ii To find the point(s) of intersection of the two curves we write the equation of the

= 2 — 1 and solve for z.

lineasy =2 — 1, let

l‘_
1
= z—1
r—1
(z—1)? =1
?—2r4+1 = 1
22 —2r = 0
r(r—2) = 0

Therefore, x = 0 or x = 2. Substitute to find y.
The two curves intersect at (0, —1) and (2,1).



7. Let the length of the sides of the rectangle be x and y. Then the perimeter of the
rectangle is 2z + 2y = 40 and the area, A, is A = xy = 96.

Substituting y = 20 — z in A we get,

A=2(20-2) =20z —2*=96 or z°—20x+96=0.

That is, 2° — 20z + 96 = (v — 8)(z — 12) =0, ie v = 8 or & = 12.

Therefore the dimensions of the rectangle are 8 cms by 12 cms.

8. a
1 1\2
2 1y L _1 5
v - =0? (—) =32 =P (v72) = 02
v v
d
1 7
3 I7 1.7 3 T3 74 4
—3 fr —3 fr —3 = 3T = I3
T T €Tr3
h
v4 3 3 9
3 = U4U_5U_(_2) = U4_§+2 = p2
v2y 2
1
1
\4/5 xri 1 7
) — —2 = xr4x = 4
T xr
10. iv

d
d—(x sinx) = z(cosx) + sinz(1) = z cosx + sin z.
x
viii Let u = f(x) = sinz and g(u) = e* so,

d . .
d—(esm‘”) = 7 xd—(sinx) = e*"T cos .
x —~—
9'(f(x))

ix Let u = f(x) = < and g(u) = tanu so,

d 1 1 _d i
%(tan ;) = sec? - x—x(x’l) = _se; z,

g'(f(z))

d
Note that %(tan u) = sec? u.



11. Let the internal dimensions of the advertisement be z and y as shown in the
diagram.

Then the overall dimensions are x +4 and y + 8. We also know that the internal
area is 50 cm?, ie zy = 50.

Let A be the overall area of the advertisement so

A= (et 4)(y+8) = (x+4) (E;_0+8) (o4 4) <50+8x) _ 8m2+82x+200'

x x
dA 2 —2 -1
o = (8x% 4+ 822 +200) X (—x7%) + (x7) x (16x + 82)
T
B _81’2+82ZL‘—|—200 n 16z + 82
N x? x
1622 4 82z — (822 + 82z + 200)
8x2 — 200
dA 9 ) .
i 0 when 8z° = 200 ie when x = 4+5. Clearly x = —5 cannot be a solution.
x

The table below tells us that we have a minimum when x = 5.

T <5 5 > 5

A —ve 0 +wve
A N 162 |

When z = 5, y = 10 and the overall area is 162 cm?, so the overall dimensions
that make the area of the advertisement a minimum are 9 cms by 18 cms.



14. ii

The function y = z2%e® is positive for all values of z # 0, so the graph of the
function is above the z-axis for all values of x # 0 and touches it at (0,0).
Differentiating we get,

Z—i = 2%e" + €*(27) = ze® (v + 2).
This is equal to zero when z = 0 or x = —2, and so the stationary points are
(—2,4e72) and (0,0).
x < =2 -2 > —2,<0 0 > 0
Yy +ve 0 —ve 0 +ve
Y / de™? \ 0 /

The table indicates that we have a maximum at (—2,4e~2) and a minimum at
(0,0).

d2
d_z = %" + €”(2z) + 2xe” + €”(2) = *(2® + 4z + 2).
T

d2
d—z = 0 when 22 + 42 + 2 = 0. We solve this using the quadratic formula.
x

—4£,/(4)* —4(1)(2)
2
—44++/8
2
—4 422
2
= 242

We have possible inflection points when = —2 — /2 and = —2 + /2, which
we confirm in the following table.

Tl <=2-V2]-2-V2|>-2-V2,<-24V2| 24V2| >-2+2
" +ve 0 —ve 0 +uve
y | concave up 0.38 concave down 0.19 concave up

We now have enough information to sketch the curve.




3.00

2.007

1.007

1 1 1 1 1 —>
-4.00 -3.00 -2.00 -1.00 1.00 2.00

16. ii
log ( 10° ) = log(10%) — log(100%)
100*
= zlog10 — xlog 100
r — xlog(10?)
= x—2xlog10
= -2z
= —x.
17. ii
In(z>+1) = 3
@+ 3
?4+1 = €
= et -1
r = +/ed -1
= +4.37.

Both of these solutions are valid as (+4.37)% + 1 > 0.

19. The population at t = 0 is P = Ae’ = A. The population doubles after 5 years
so when t =5, P = 2A.

In2
i When t =5, P = 2A so, 2A = Ae’* ie €% = 2. Therefore, k = n?

1i Whent =20 P = AelnT2'20 — Aetn2 — @Y — 164,

iii We need to find the value of ¢t when P = 4A. So

ln2t

4A = Aes



In2
est = 4

In?2
n—t = In4
5
5In4
t =
In2
= 10.

Therefore, the population is four times its initial value after 10 years.

R _ _ 37 w 57 9w
21.ii sinu =1 when v = —=<F, 7, 57, < etc.
. T T 3 T T
sm(Sm——):lwhen <3x——>:—— or <3x——>:—or
2 2 2 2 2
5 7
(31’—%):;@ (3x—g>:§et0.
Thatis,sin(fix—g)zlwhenx:—g orngorxzworx:%”etc.

So, the values of x between 0 and 27 for which sin (31: — E) =1larexz = %,

:B:Wandx:%“.

23. i When d = 300, I = 0.31(0) so,

0.31(0) = I(0)e 300

e % = 03
—300k = In0.3
Eo— ~In0.3
300
= 0.004.

ii We want to find d when I(d) = 0.51(0) so,

0.51(0) = 1I(0)e 0004

6—0.004d = 0.5
—0.004d = 1In0.5
In0.5

i = —
0.004
= 173.3.

Therefore, the intensity of the sunlight would be decreased by half at a depth
of 173 units below the surface.





