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Chapter 2

Programme 2
Point Groups

Objectives

After completing this programme you should be able to:
State the point group to which a molecule belongs

g, Confirm that the complete set of symmetry operations
of 8 molecule constitutes a group
3. Arrange a set of symmetry operations into classes

The first of these objectives is vital to the use of group theory and is
the only one tested at the end of the programme.

Assumed Knowledge

A knowledge of simple melecular shapes, and of the contents of
programme 1 is assumed.

Write down the svmboels of the FIVE elements needed to
completely specify melecular symmetry.

E cC 5 o i
What are the names of these five elements of symmetry?

E — The identity element

C — Proper rotation axis

8 - Improper rotation {or rotation-refloction ) axis
@ — Plane of symmetry

i = Inversion centre

=R
List all the symmetry elements of '

E Cy a0, o A" =

If you have got these three guestions substantially correct
¥ou may proceed, otherwise return to programme 1 - symmetry
elements and operations. !

iC——CH

List all the symmetry elements of =V

i

E- C; 8C, @ 36° 8,4

i-e. exactly the same as B 5

There are many other examples of severs] moleeules having Bhe
same set of symmetry elements, e.g. list all the symmetry
elements of

H,.-”U\H @ H}C ) EH

N Hood oo



2.6 All four of these molecules (and many more!) have the elemend
E Cp ¢ o’
In the same way all square planar molecules contain the eleme
E G Cp(=C2)  4C, o 46" 1 8, regardle
of the chomieal eompozition of the molecule e.g.
F F N
_ . S -
"_‘KE - f”‘ = ele.
F F - N
[t is convenient to classify all such molecules by a single sym
which summarises their symmetry. This symbol for a flat
square molecule is th_
Can vou supgest the symbol lor a flat
hexagonal molecule like benzene:
iy D.... The symmetry is similar to that of the square planar case,

but the principal axis is 2 6-fold axis not a 4-fold axis.
The symmetry symbol consists of three parts:

The number indicates the order of the principal (i.e. highd
order) axis. This is conventionally taken Lo be vertical.

The gmall letter b indicates o horizontal plane.

The capttal letter D indicates that there are n{=6 for heny
C, axes at right angles to the principal C_ axis
{ for benzenel:

Two-fold axes

How many two-fold axes like this ure there in a Aol squay
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Let us look now at a flat trianguiar molecule, say BC1 gt
»
Y,
*-.‘H f B M 2
/ T
F( N
3
a.*r
¥

What are the symmetry elements labelled X, Y, and %!

X = Cy axis
Y = C, axes
Z = plane of symimetry

The principal Cq axis is taken, conventionally to he vertical, so
the plane is 8 horizontal plane (@ ), and there are Lhree Cqy
axes at right angles to the principal axzis.

What, therefore, is the symmetry symbaol of the BCl, molecule?
{frame 2,7 ray help). 3 i

molecule like Xe F_l“.‘




Ca

Point proup symbol: Dah
K horizontal plane

3C, axes 3-fold prineipal
(horizontal) axis [vertical)

The maolecule is said to belong to the Dy POINT GROUP,

Let ue now get a bit more general, and call the principal axis
C,_, so that its order, n, can be any number.

IT there is no horizontal plane of symmetry, but there are n
vertical planes as well as nCy axes, the point group is D .

The D and the number mean the same as before but the small
d stands for DIHEDRAL PLANES, because the n verlical
planes lie between the nC, axes.

Ethane in the staggered conformation belongs to a D, point
group. Decide on the value of n ffom the following dingram
(looking down the principal axis}, and hence state the point
group to which ethane helongs.

H\T/I-I
7N

27

Dgq A mn@e! w_ill help to convince you of the elements of
symmetry in this case, but the following diagram is looking
down the principal, vertical, 3-fold axis:

Swertival planesiog)

-
3

Told principal axis

Sy AKCE

In the eclipsed conformation ethane has an additional eleraent
of symmetry. Can you see from the diangram (or a model) what
the extra element is?

b

He"

He -
o

A horizontal plane of symmetry, o b

What does this make the point group of ethane in the eclipsed
conformation?

]:Jih i.e. in the eclipsed conformation the horizontal plane
takes precedence over the dihedral planes in describing the
sFmmetry.

Some molecules have a principal € axis, and nCq axes at
right angles, but ne harizontal or vertical (dihedral) planes.

There is no need to include h or d in the symmetry symbol.
If the principal axis is a three-fold axis what is the symmetry
symbol in this case?



2.14

Dy ie., il hasa threefold axis and three C, axes at right angles |

hence Dy, but no o , or o 4, 50 no additional symbol is
NECesSAry.

An example of an lon of this symmetry is:
N

| 4
) e )
2R l:'.l:l
Lo = NHEH O L FeH,
-

¥ou will probably need a model of the ion to see the axes.

If the principal € axis is not accompanied by n O, axes,
the first letter of the point group is C. A horizontal plane is
looked for first, and iz shown by a little h. 1f o | is not
present, n vertical planes are looked for and are shown by a
small v.

e Pl T Cy. no C, at right angles
: no oy, but 20 .. point
group Cq,

VN
H H

What is the point group of

2.15

Cy, i.e. it has a prindipal Cq axis and & vertical planes,

Remember that all fat H
moleciles have a plane of 1"‘,,:, G—H
symmetry in the molecular '\\ o
plane. Tty to decide the B

point grottp of o free boric

acid molecule which has

no vertical planes or

horizontal C, axes. )

Cay i-8. it has @ principal Cy axis, no horizontal C, axes, and a
horzontal plane

What is the point group of the flat ion:

Da-}; i-e. it has a Cg (vertical}, 5 €, axes ot right angles, and a
horizontal plane.

List the four symmetry H
elements of fumaric acid: \\ /

E, Cy, 0 4. 1. What does this make the point group symbol?

Cypy, i.e. it has a €, axis and a horizontal plane.

The molecule HgDy and the ion cis| ﬂn{en]al[:l * bath have
only the identity and one proper axis of symmetry. They hoth
belong to the same point group. Can you say which one it is?

(& model, or the dingrams helow, might help.)

F_i
H H

e -+

(=

.—‘\\ Cl
en

1
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C4. They both have a Cy, axis:
il cl

—mmen =g

00
/i
H ¢ H
Cx

g
We have so [ar seen the point groups, Dnh‘ D o Dn' Cops CM,

and C. These groups cover many real molecules, even simple
linear ones which have in infinity-fold axis e.g.

H H

| I

C C1 Ceny

[ “h

c

|
H

There are three additional groups for highly symmetrical
molecules, octahedral molecules belong to the group Oy,
tetrahedral molecules to Ty, and icosahedral structures to
L. You must realise that T ; refers to the symmetry of the
whole molecule e.g. CH, and CCl both belong to the Ty

group, but CHCL 4 does not. "

e
What is the point group of CHCI 3? mff!_l\'m [er NH, )

2.21

Cqy
Some rathor rare molecules possess only two elements of
symmetry, and these are given a special symbel:

E and i anly G,
E and o only a,
E and 8, only 5

Many molecules have no symmetry at all (i.e. their only
symmetry element is the identity, E. Such molecules belong to
the C; point group. A Cl B Cl
The following are examples of ' | ! |
molecules with only one or two

What are their point groups?

symmetry elements . /C\ / N
|\ )
E Br
H

H

A G

B.

There is a simple way of classifying o molecule into tts point
group, and a sheet at the end of this programme gives this,
You will see that the tests at the bottom of the scheme are
similar to those used to introduce the nomenclature in this
programme. The scheme does not test for all the symmetry
elements of a molecule, only certain key ones which enable
the puint group to be found unambipuously.

IHBUE a lock at the sheet, and try to follow it through for the
on:

=

Stage 1 - it is not one of these special groupe
Stage 2 - there is a CE axis- ", M=2
Stage 3 - there is no 5, colinear with C,

Stage 4 - there are two C, axes at right angles
there is a horizontal plana,

What point group have you arrived at? (Remember the value
of n found in Stage 2_)
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S " We have said that the symbol represents the POINT GROUP of the
% 2h ~ molecule. This is because all the symmetry elements of a malecule
Use the scheme to find the point group of each of the following@@ - always pass through one rommon point (sometimes through a line or
(C, E, F and G are a bit tricky without a rnc;il:l. blﬂ;i :.fouFTa E = 2 plane, but always through a point),
ith o e as discuss in Bmes E
fD—Fl ;;Id U 0 B Where is the point for examples A and G sbove?
cH H H H - |
% o  f DL"‘* =
A c-cC B = € pig—= MT{ :
/ L8 4 \\ . 226 A — the cenlre of the C= C double bond
1 CH, CH, CHy G — the Fe atom
S At this stage, the programme begins to look at what
D S — E /| mathematicians eall a GROUP, If you have had enough for
,f\ N H one sitting, this is a convenient place to stop, but in any case
e Tu ||-L H it is not absolutely vital for a chemist to know about the rules
defining a group, although 1 strongly recommend you to work
— through the rest of the programme. You should new be able
F @ G L_x_h p to classify a molecule into its point group, which is
e, absolutely vital to the use of Group Theory, and the test
Q </-h 3 at the end of the programme tests only this classification.
The term GROUP has a precise mathematical meaning, arnl
" E. € F. D the set of symmetry OPERATIONS of & molecule constitutes
224 A Cgy B. Coy C. Dyy ) ¥ T 5h # mathemalieal group. A group consists of a set of menibers
. which obey four rules:
! 5d

a.  The product of two members, and the square of any
member is also a member of the ETOUD,

b.  There must be an identity element.

Combination must be associative e, (ABC = A{BC).

Every member must have an inverse which 15 alsa a

member i.e. AA™" = E, the identity, if A {s a member,
A1 must also be.

. N.B. Some texts use the waord element For the members of
g # group: This convention kas nob been followad hers in order
to avoid confuston with the term symenietey elément. Tt s the
set of symmelry operalivns which form the Erop.

The hardest of these examples are probably Cand G which are |
both D_ 4 molecules. It is often very difficult to see t.hre n twao-ig
axes un“su-:h a malecule and you may need to ask advice on thig .
Frame 2.11 shows the axes in the case of a Dgy mn]:acule. s
The corresponding diagram, looking down the principal four-fol
axis of MnEKCD]m is:

A simple rule to remember is that any n-fold staggered structure (Iikg
C,Hg, Mn,(CO),, etc) belongs to the point group D,4, and you may find
it easier to remember this rule.
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Let us take the Gy, group (e.g. H,O) and confirm these rules,
The group has four operalions, B, €, d ,a "
i

We have already seen the effect of combining two operations
in the programme on elements and operations,

Set up the complete multiplication table for the group

operations (in Programme 1 you used a little arrow on H
to help do this),

E Cy a d

35
E Cy d g’
E E 8, o 6’
0, C, E o o
a 4] a' E C,
g -2 ] c E

k|

If you did not get this result, look back at the first programme,
frames 1.29-1.32.

We can-see immediately from this table that rules a. and b. are
true for this sel of operations.

What about rule d. what is the inverse of 6 ', i.e. what multiplies
with ¢ to giva E?

d ', il is its own inverse, ' ¢ = E. This is true for all the
operations of this group.

Cansider the O, element in a Dy, molecule. What is the inverse
of the € operation, or what operation will bring the shape
back to the starting peing (T'd rather vou didn't say C, in the
opposite direction!}

1 3
Ca
e —
clockwise
rh 1

Cg. i.e. apply the C., operation clockwise a further two times.
Tgus Eg EB = Cg = E. (Remember that this means Cs fellowed
2
by C3)
Note particularly that it is the symmetry OPERATIONS, not the
elements which form a group.
Confirm rule c. for the elements C,, 5, and ¢’ of the C,, group, i.e. work
out the effect of (C, o) o’ and of C, (c &").
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2.29 (C,o)o’'= o & = E :2.32 o
Cpioo’)=C, G =E i
i.e, the operations are associative. -
The C,, point group only has four operations, so it is a simple
matter to set up the group multiplication table, There is, P, P .
however, a further feature of groups which can only be ] *‘__
demonstrated by using a rather larger group such as Cg . a* \__,/ Lo
Ammonia belongs to the C, group. Can you write down the e
five symmetry elements of ammonia? i
/' “\\ What single operation would take P to P '?
H H H
230 E C; 8o 233 o
What operations do these elements generate? i ; by
P Be i.e.o ' G, =0 " (remember that this means C, followed
by o * has the same effect as 8 ™ — we write ti?m operations
in reverse order)
231 E ¢, € o g’ o" (orl3c}

3

We can set up the 8 x 6 multiplication table for these operations
by considering the effect of each operation on a point such as
P in the diagram below, which has the C, axis perpendicular to
the paper:

What happens if we do it the other way round, i.e. what is
¢ * followed by C, (= C, 6 )?

o'
i

o

The C, and C3
operalions are clochwis

Draw the position of point P after applying Cy and then o *

(call the new position P’)
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In this case g ' C, does not equal C; o " - we say that these
two operations do not COMMUTE.
Use the effect of the group operations on the point P to see
which of the following pairs of operations commute:
3
CaandCy  gandC, oandd’ EandC2
2.35 CyC2=E ; €C, = E ie C; and C2 commute

6 Cy=3"; Cgao = o'ie. o and €, do not commute]

66" = Cus d'a Clie o and d ' do not commuie : ;
g 3 What single operation is the same as & Cyo?

9

EC: - c2; c2E =~ Clie. E  and Cf commute, it shoy
he obvious that E commutes with evervthing — it does not mats
if you do nothing before or after the operation!
We will now consider briefly the subject of CLASSES of symmé
operatiens. Two operations A and B are in the same class
if there is some operation X such that :

-ﬂg. Thus Cy and C% are in the same class.

What is the inverse of C,?

¥XAX1 = B (X isthe inversc of X, i.e. XXL =

We say that B is the similarity transform of A, and that A and

CZ. Work out the similarity transf ftd b i
are conjugale 3 1Ly bransiborm o ¥ Cﬂ.‘ e

decide the operation equivalent to Cg g s
Hince any o is its own inverse we can perform a similarity i@

transformation on the operation C; by finding the single
operation equivalent to o C:] o,

Work out the position of paint P after carrying out these three 7|
operations.

/\. P C, is clockwise
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Thus o and ¢ " are in the same class

The complete set of symmetry operations ol the Ci
point group, grouped by classes, is as Lollows:

E  (always in a class by itself)
C; €
o s TR v
The operations are commaonly written in classes ag:

E 2c, 3o

It is not necessary to go through the whole procedure of
working out similarity transformations in order to group
operations into classes. A sel of operations are in the same
class if they are eguivalent operations in the normally accep tod)
sense, This is prabably fairly evident for the example ahove.

The Dby, group (e.g. BCl,) consists of the operations

4] 5 Ak b . i
EC C G G Gy, 5358,a,0" 6",

Group these operations into their six classes

41

(Confirm thal a set of operations constitutes a group.
Arrange a set of operations into classes.

The assignment of a malecule to its correct point group is a vital
Fpreliminary to the use of group theory, and this is the subject of the
test which follows. The other two objectives of this programme are
not tested because it is known in all cases that the symmetry
operations of a molecule do constitute a proup, and the tables
{character tables) which are used in working out problems show

operations grouped by classes.
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Point Groups ;ﬂ-j-‘sbemntil: classification of moleeules into point groups

Revision notes L . . S )
[]__— rotation axis 1= inversion centre

S= improper axis (alternating axis) o = plane of symmetry

Thie set of symmetry operations of any geometrical shape forms a 1. Examine for special groups

mathematical group, which obeys four rules: a. Linear, no d perpendicular to molecular axis — C

(5 s 'y
b. Linear, d perpendicular to molecular axis — D
c.  Tetrahedral — T
d. Oectahedral — L5

e, Dodecahedral or icosahedral — L

1. The product of two members of the group, and the square ooh

of any member is also a member of the group.
il.  There must bean identity element.
iii. Combination must be associative, i.e. (AB)C = A(BC)

. Every member must have an inverse. L.2. if A is a member,

then Al must also be & member, where AA = E. E' Examine fora C axis _l

Symmetry operations do not necessarily commute, i.e. AB does nat

always agual BA. G, present g, Thsﬂm

" o " =Find U of highest n o present — €,
molecule can be assisgned Lo its point group by a method which T h _nan 3o Fi

duoes not require the listing of all symmetry operations of the g auninueC, :::Lﬁeﬁ’; E::':ﬂ_ ; i present — G

molecule; the method merely invalves looking for certain key b arida e no symmetry elements

symmetry elements. The symbol for most molecular symmetry Y eonvenmen other than E— lljl

groups is in three parts e.g.
L_:’41. v G".ﬂh Djh Dﬁd
. 4 . 3 E & o = . :
These have the following meanings: AR folr :52“ Paimant with § n

i | |

i. The number indicates the order of the principal (highest §3"‘ FEES) Sy ABRONT
order) axis, This axis conventionally defines the vertical
direction,

1.  The capital letter is D if an n-lfold principal axis is accom-
panied by n two-fold axes at right angles to it; otherwise
the letter is C,

iii, The small letter is h il & horisontal plane is present. If n
verlical planes are present, the letter is v for a C group
but d (=dihedral) lor a D group. (N.BE. h takes precedence : | !

' G, axes t
over v or d). If no vertical or horizontal planes are present, o I_] 2 ek i BCa alxes absent
the small letter is omitted - | ~
Horizontal plane (c,,) present — D,,, Horizontal plane ()
| present—C,,

n Vertical planes (dihedral planes, oy,

bisecting angles between C, axes)

present — D4

|
Absent - D, Absent - C,

-._- other symmetry elements
L present, except i 5

£ Other symmetry
;- l_alernenta present

4. Examine for n lhurizontal G, axes

I
n Vertical planes present
(Gd) - Cnv

I



